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1. Introduction 

Worldsheet modular invariance has played a major role in the construction of consistent 
anomaly-free perturbative string models. At the one-loop level, it demands that the 
string partition function be invariant under the Sl{2, Z) fractional linear transformations 
of the modular parameter of world-sheet torus. The advent of target-space and non- 
perturbative dualities has brought into play yet another branch of the mathematics of 
automorphic forms invariant under infinite discrete groups G'(Z). These dualities arise 
in models with many supersymmetries, where the scalar fields take values in a rigid 
symmetric space K\G{M.), where K is the maximal compact subgroup of G. Duality 
symmetries identify points in K\G{M.) differing by the right action of an infinite discrete 
subgroup G(Z) of G(M), and all physical amplitudes are constrained to be invariant 
under the transformations in G(Z). This includes in particular the mapping class group 
Sl{d,Z) in the case of toroidal compactifications of diffeomorphism- invariant theories, 
the T-duality group SO{d,d,Z) in toroidal compactifications of string theories, as well 
as the non-perturbative U-duality group i?rf+i(rf+i)(Z) in maximally supersymmetric 
compactified M-theory or non-perturbative type II string theory [|l], ^ Q (see for instance 
IQ, ^ for reviews and exhaustive list of references) . These duality symmetries are to be 
contrasted with duahties between distinct string theories, which, although less tied to 
supersymmetry, yield much weaker constraints. 

The invariance under duality symmetries, although valid for all physical amplitudes, 
is usually not sufficient to completely determine them. For a certain class of "BPS 
saturated" amplitudes however, supersymmetry gives further constraints, in the form of 
second order differential equations in the most favorable half-BPS saturated case P, 0, |^. 
Combining these constraints with duality invariance and behavior at the boundary of 
the moduli space allows in many cases to determine exact non-perturbative results 
not obtainable otherwise, which can then be analyzed at weak coupling to provide 
interesting insights on instanton calculus in string theory||] |jl3|, [l^, |l5l (see also Ref. [^ 



for lecture notes). As an illustration. Table |I] lists for a number of compactifications the 
(non-)perturbative symmetries that apply to all amplitudes along with the amount of 
supersymmetry of the theory and a selection of 1/2 and 1/4-BPS amplitudes. 

The prototypical example of such an exactly computable coupling is the R^ coupling 
in ten dimensional type IIB theory. This was conjectured [0] and later proved |^ ^, ^ 
to be a certain (non-holomorphic) automorphic form of weight of the S-duality group 
Sl{2, Z), namely the Eisenstein series of order 3/2 

fllB _ J_ cSli2,Z) /,N 

JR'^ ~ /2 ^2;s=3/2 ' \^) 

in 



(m,n)^0 



To 



gsi{2,z) _ y- ^ -C(2s) V - (2) 

(P,<?)=1 '-^ ^ ' 



I Exact amplitudes can also be obtained from string dualities, and yield valuable insights too, see for 
instance § |l|. 
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theory 


symmetry 


SUSY 


1/2 BPS 


1/4 BPS 


IIB 


5/(2, Z) 


32 


R\ X'' 


i?^A24 


M/T-^+i (~ II/T'^) 


-Ed+i(d+i)(Z) 


32 


R\ Ai6 


i?6,A24 


Het/T" (n < 5) 


S0{n,16 + n,Z) 


16 


R\ F\ X^ 


F^X'^ 


Het/T6 


50(6, 22, Z) X 5/(2, Z) 


16 


R\ F^ A^ 


F^,X'^ 


Het/T^ 


50(8, 24, Z) 


16 


R\ F^ A^ 


F^X'^ 


IIB/i^s 


50(5, 21, Z) 


16 


R\ H\ A8 


H\ Ai2 



Table 1. (Non-)perturbative symmetries of various compactified string theories. 



where r = a + ij Qs is the complexified string couphng, parametrizing the upper- 
half-plane f/(l)\5/(2,M), and Ip the ten-dimensional S-duality invariant Planck length 
Ip = Qs h- By expanding this series at weak coupling r2 -^ oo, one recovers the known 
tree-level and one-loop terms, along with an infinite series of exponentially suppressed 
terms of order e"^/^" , attributed to A^ D-instanton configurations. It is easy to check 
that the above Eisenstein series is an eigenmode of the Laplacian on the upper half 
plane, 

1) .c,.o^^ . 1 



A 



U{l)\Sli2) 



cSl{2,Z) 



S[S 



cSi{2,: 



A 



U{l)\Sl{2) 



\rl{dl+d' 



T2' 



(3) 



Supersymmetry on the other hand requires the exact R^ coupling to be an eigenmode of 
the same Laplacian with the precise eigenvalue 3/8, which together with the assumption 
of at most polynomial growth at weak coupling uniquely selects the Eisenstein series of 
order 3/2. 

In this talk we discuss the construction and utility of automorphic forms of the 



m for 



an 



duality groups 0(Z) generalizing the Eisenstein series of 5/(2, Z) (see Ref. 
extensive treatment). For the representation theory of these groups, in particular the 
multiplets of half-BPS states that we will use, we refer the reader to the review and 
its very brief summary |]18[. Section 2 presents the general construction of Eisenstein 
series. Section 3 its applications to perturbative string amplitudes; Section 4 extends 
these results to the full non-perturbative expression and finally Section 5 mentions some 
open directions. 



2. Generalized Eisenstein series 



We focus on string or M-theory models whose moduli space is spanned by a symmetric 
space of non-compact type 

K\G(R) , G(M) =K-A-N, (4) 

where K is the maximal compact subgroup of G(]R) and we have also indicated the 
Iwasawa decomposition of G(]R) into elements of the maximal compact, Abelian and 
nilpotent subgroups K^ A, N respectively. This structure may describe only a part of 
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the moduli space, like the internal metric for toroidal compactifications or the Neveu- 
Schwarz moduli for perturbative strings, or the full moduli space when protected by 
super symmetry. Duality symmetries identify different points in this moduli space and 
form an infinite discrete group G(Z) of the classical symmetry group G(IR), acting from 
the right on the coset K\G{M.). The BPS states are labelled by a set of integer charges 
m and fall into certain representations TZ of the duality group. The mass of half-BPS 
states is given by the manifestly G'(Z)-invariant form 

M'^in) = m ■ Mnig) -m . (5) 

Here, the moduli matrix M-ji in representation TZ is given by 

Mn{g) = n''JZ{g) , geA-N, (6) 

where g denotes an element in the coset K\G{M.). Moreover, there is in general a 
half-BPS constraint, quadratic in the charges, that can be written schematically as 

1/2-BPS : k = mAm = , (7) 

where the cup product m Am denotes all but the highest of the irreducible components 
of the symmetric tensor product TZ^sTZ. The constraint thus amounts to requiring that 
7^ 0s 7?. be an irreducible representation. 

To be more specific, in the case of the Sl{n,Z) duality groups (of toroidally 
compactified diffeomorphism invariant theories) we will be mostly interested in the 
fundamental and antifundamental representations, labelled by the charges m* and m, 
respectively. In this case the moduli matrix M in (^ is simply the (inverse) metric 
9ij (5'*"') o^ the torus. For the T-duality group of toroidally compactified string theory 
we will need the vector, spinor and conjugate spinor representations, while for the U- 
duality group of M-theory the particle, string and membrane representations will be of 
relevance (see P, |18|, |15[ for details). 

Given the duality group G(Z), one may follow the definition of Eisenstein series 
given in the mathematical literature by [|T9| 



h£G(Z)/N i=l 

where Wi is now an arbitrary r-dimensional vector (r = Rank G) in weight space, and 
a{g) is the Abelian component of g in the Iwasawa decomposition (^. Note that this 
definition is manifestly i^-invariant on the left and G(Z)-invariant on the right. This 
definition is however hardly tractable, and we rather define our generalized Eisenstein 
series [0, |T^ as 

i-gf ) [g) = J2 ^{mA m) [m ■ WU^g) ■ m] "' (9) 

mGA^\{0} 

for any symmetric space K\G{M), any representation TZ oi G and any order s. This 
definition, albeit less general|§] than (^, has a more transparent physical meaning: the 

§ Choosing w along a highest-weight vector X-ji associated to a representation TZ reduces (H) to (Wj 
where w — sX-ji, up to an s-dependent factor. These two definitions generahze the two terms of the 
last equality in (g) to higher rank groups. 
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lattice At^ labels the set of BPS states in the representation TZ of the duality group, 
Ai^ = m ■ TZ^TZ{g) ■ m gives their mass squared (or tension), and the (5-function imposes 
the half-BPS condition (|^). This ensures that the sum runs over one G(Z) orbit only, 
and is in fact a necessary requirement for the Eisenstein series to be an eigenmode of the 
Laplacian on the symmetric space. The eigenvalue follows simply from group theory, 

Ak\g S^f, = s{X, p - sX) S^^^l , (10) 

where A is the highest weight of the representation and p is the Weyl vector |[l5[] . 



This expression implies in particular that Eisenstein series associated to representations 
related by outer automorphisms, i.e. symmetries of the Dynkin diagram, are degenerate 
under Ak\g, as well as two Eisenstein series of same representation but order s and the 
"dual" value [(A,p)/(A, A)] — s. Up to these identifications, we expect that, aside from 
cusp forms, a basis of invariant functions on the space is spanned by the representations 
corresponding to the nodes of the Dynkin diagram. 

3. Perturbative string amplitudes 

3.1. One-loop modular integral 

Under toroidal compactification on a torus T'^, any string theory exhibits the T-duality 
symmetry SO{d.,d.,'L)., and all amplitudes should be expressible in terms of modular 
forms of this group. For half-BPS saturated couplings, the one-loop amplitude often 
reduces to an integral of a lattice partition function over the fundamental domain J-" of 
the moduli space of genus- 1 Riemann surfaces, 

h = 2Ti f ^Z,^,{g,B;T), (11) 

where Z^^d is the partition function (or theta function) of the even self-dual lattice 
describing the toroidal compactification. This is for instance the case for R^ couplings 
in type II strings on T"^, or R^ or F"^ couplings in type II on K^ x T^. 

It is natural to expect a connection between this one-loop modular integral and 
the SO{d, d, Z) Eisenstein series defined above. As is well known, the r- integral can be 
carried out by the method of orbits, which corresponds to a large volume expansion of 
the integral. This yields |1^, |20| 



/. = ^K. + 2K^<ilf + ... (12) 

and exhibits the order 1 Sl{d,'L) Eisenstein series in the fundamental representation. 
The omitted terms are exponentially suppressed world-sheet instanton terms that can 
be written down exactly and simplify for the low- dimensional cases, reducing to the 
standard results: 

/i = ^(i? + ;^) ' h = -27r\og{T^UMT)r,{Ut) . (13) 
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Treating these simple cases first, it is not difficult to show that they can be rewritten 
as the sum of the S0{d,d,7j) Eisenstein series of order 1 in the spinor and conjugate 
spinor representations: 

J, = 2 4S^'^^ + 2 ^SS'''^^ ' d = l,2. (14) 

In particular, the result is manifestly invariant under the extended T-duality 0{d, d, Z), 
where the extra generator exchanges the two spinors. 

To arrive at a similar claim for d > 2, one considers the eigenvalues of the 
one- loop integral under both the Laplacian Aso(d,d) on the moduli space SO{d) x 
SO{d)\SO{d, d, R), as well as under another second order differential operator D^. This 
operator is given by 

d V . 2-d f d ^^ 



°' = ^^'^'^ - 8 v-d^J = ^''^'^ + -8d- 1^- %;J ^'^^ 

which is non-invariant under SO{d,d), but still invariant under complete T-duality on 
all directions, and happens to have Id as an eigenvector . The resulting eigenvalues are 



m 



, _ d{2-d) ^ ^, _ d{2-d) ^ 

^SO{d,d)'^d — T ^d , LJrfirf — Id . [10) 

On the other hand, the corresponding eigenvalues under these operators of the Eisenstein 
series in the vector, spinor and conjugate spinor representation are given by, 

A(V, s) = s{s-d+l), A(S, s) = A(C, s) = '"^^'"/^^^ (17) 



s(s-d+ 1] 

y 



i-i cSOid,d,Z) byb — U^ L) ^50(d,d,Z) /. . 

^d C^-s = 7. ^V;s U^ 



1-1 cSO(d,d,Z) d{2 — d) ^sOid,d,Z) f-.f.^ 

Ud C.S.,^;L = tg.^^^ (19) 

r-i cSO{d,d,1) d{2 — d) ^sO{d,d,1) /on^ 

LJrf ^C;s=l = 5 ^C;s=l • l^Uj 



Comparing (|lg) with (p!7D -(pOD, we see that the candidate Eisenstein series for the 
one-loop integral are restricted to the order s = 1 spinor and conjugate spinor series, 
together with the order s = d/2 — 1 vector series and their duals. Another constraint 
comes from comparison of the large volume expansion (0) with the expansion of the 
Eisenstein series. These two requirements then enable one to show that the one-loop 
integral Id in (^Ij) can be represented for d > 3 as 

T o''^(2 ~ -*-) cSO(d,d,Z) ^ cSO{d,d,Z) r, cSOid,d,Z) /^i \ 

^d - 2 5--— t d - 2 tg ^^-^ - Z tc;s=l • l^lj 

71-2-2 V,s-2 i 



Here, the first equality is a theorem and the last two are well-supported conjectures |TI 

As a practical application of this result, let us consider the conjectured duality 
between the heterotic string on T^ and type IIA on K^. On the heterotic side, the half- 
BPS states are momentum and winding states, and transform as a vector of SO {4, 20, Z). 
On the type IIA side at the T^/Z2 orbifold point, these states correspond instead to 
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even branes wrapped on invariant cycles of T^, plus "fractional" branes stuck at the 
fixed points of the orbifolds. Restricting to an [5'0(4) x S'0(4)]\S'0(4, 4) subspace of 
the moduli space, it is easy to see that under duality, the vector of S'0(4, 4) should 
be mapped to the conjugate spinor: the duality therefore corresponds to a triality in 
S'0(4, 4), and using our last result (pi]), it is easy to see that I4 is indeed invariant 
under het erotic-type IIA duality. This fact will be instrumental in checking the duality 



conjecture at the level of F couplings |2l 



3.2. Genus g modular integral 

Similar methods carry over to higher-loop amplitudes, such as the higher-genus analogue 
of (pUD, namely the integral of a lattice partition function on the 3g — 3-dimensional 
moduli space J^g of genus g curves 

^'= / d^Zl,{g,,,B,,;r) , (22) 

where Z^^ is the genus g lattice sum. In this case the modular group is Sp{g,Z) and 
one may derive by similar methods as in the one-loop case the eigenvalue condition, 

dgjg + l-d) 
^so{d,d)Id = 1 ^d ■ (23) 

Comparison with (^) shows that this eigenvalue agrees with the order s = g Eisenstein 
series in the spinor and conjugate spinor representation. This leads us to the conjecture 
that the (/-loop integral ( p2l) is (up to an overall factor) given by the SO{d,d,'Ij) 
Eisenstein series of order g in the spinor representation: 

t9 ^ nSO{d,d,I.) , r>SO{d,d,I.) /9/|N 

^d "^ ^S;s=9 "•" ^C;s=g ' l^^J 

where the superposition of the two spinor representations is required by the 0{d,d,'Z) 
invariance of the integrand. Note that normalizing (0) would require a knowledge of 
the Weil-Peterson volume of the moduli space of genus g curves. 

Though less substantiated than the one- loop conjecture (|2T|), Equation (0) is 



strongly reminiscent of the genus g partition function of the A^ = 4 topological string 
2^ on T^ which was shown to be exactly given by the Eisenstein series of order s = g in 



:.Sl{2,Z), 



the spinor representation S^-Jjg (T) ||23[ . This result was subsequently used to derive 
a set of higher derivative topological couplings R^H^^~^ in type IIB string compactified 
over T^ [Q. Our conjecture ( plj) suggests a natural generalization of these results to 
lower dimensions: The R^H'^^~'^ couplings between 4 gravitons and 4g — 4 Ramond 
three-form field-strengths in type IIA compactified on T*^, d < 4 are given at genus g by 
the SO{d, d, Z) constrained Eisenstein series in the spinor representation with insertions 
of 4^^ — 4 charges: 

J ^ — ' (m ■ M(b) ■ m) ^ 



M(S) 

where is the T-duality invariant dilaton, related to the ten-dimensional coupling 
as e"^"^ = Vd/g'^lg, and we work in units of /g. A similar conjecture also holds for 
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-4 



the coupling computed by the topological B-model |2^, and states that the R^F^^ 
couplings between 4 gravitons and 4g — 4 Ramond two-form field-strengths in type IIA 
compactified on T"^, d < 6 are given at genus g by the SO{d, d, Z) constrained Eisenstein 
series in the conjugate spinor representation with insertions oi Ag — A charges: 

/ = / rf--xv/^ Y.^{m A m) e^(--^)^ /^'|^;^^""^';!, . (26) 

J ^ — ' [m ■ M[(^) ■ m) '^ 

Note that the results (^5D and (^) involve covariant modular functions instead of 



invariant ones, but behave like Eisenstein series of order 3g — 2 — {4g — 4)/2 = g 
as far as their eigenvalue and decompactification limit are concerned. They generalize 
the S'/(2,Z) modular functions /^'"^ = ^^''"2 / [{m + nry {m + nf)''] invariant up to a 

phase, that were also used in the context of non-perturbative type IIB string in |^, [26|] . 



4. Non-perturbative string amplitudes 

4.1. R^ couplings in toroidally compactified type 11 

While Eisenstein series provide a nice way to rewrite one- loop integrals such as (]TT|), their 
utility becomes even more apparent when trying to extend the perturbative computation 
into a non-perturbatively exact result. Indeed, a prospective exact threshold should 
reduce in a weak coupling expansion to a sum of T-duality invariant Eisenstein-like 
perturbative terms, plus exponentially suppressed contributions, and Eisenstein series 
of the larger non-perturbative duality symmetry are natural candidates in that respect. 
Four graviton R^ couplings in maximally supersymmetric theories have been argued 
in dimension D > 8 to receive no perturbative corrections beyond the tree-level and 
one-loop terms, and to be eigenmodes of the Laplacian on the full scalar manifold 
i^\-E'rf+i(d+i)(M) as a consequence of supersymmetry. We assume both properties to 
persist in lower dimensions as well, so that from the first property we have 

/k4 = 2C(3)^ + /, + non pert. (27) 

This result can be suggestively rewritten in terms of T-duality Eisenstein series as, 

JR" ~ '^ ^i;s=3/2 + ^S;s=i + ^ou pert. (28j 

While the Ramond scalars are decoupled from the perturbative expansion by Peccei- 
Quinn symmetries, the full non-perturbative result should depend on all the scalars in 
the symmetric space K\Ed+i(d+i)(M)- The i?^ threshold should thus be an automorphic 
form of Ed+i^d+i)^^) with asymptotic behavior as in (pHf). To obtain the non- 
perturbative extension of this result, we use the fact that the singlet and spinor 
representations of the T-duality group are unified into the string representation ||2^, ^ ^ 
of the U-duality group, the tension of which is given by 

T^ = m^ + ^M\S) + ^ , M^iO) , (29) 

9s 91 
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where O is an extra representation that appears when d > 4. From this group theory 
fact, one arrives at the non-perturbative generahzation of (^): The exact four-graviton 
R^ couphng in toroidal compactifications of type II theory on T'^, or equivalently M- 
theory on T'^'^^, is given, up to a factor of Newton's constant, by the Eisenstein series 
of the U-duality group Ed+i(d+i){'^) in the string multiplet representation, with order 
s = 3/2: 

r _ \^d+l ^-Ed+i(d+l)(Z) , s^ 

JR* - -fg— ^string;s=3/2 ■ l-^UJ 

Here Im is the eleven- dimensional Planck length, Vd+i = RsV^ the volume of the M- 
theory torus T^~^^. The quantity Vd+i/lM = ifr^ is the U-duality invariant gravitational 
constant in dimension D = 10 — d. As an immediate check, the proposal has the 
appropriate scaling dimension d+1— 9+3x2 for an R^ coupling in dimension D = 10— d. 
Using the eigenvalue equation ( ]TI1| ) we can in fact determine the corresponding 
eigenvalues of ( pO| ) under the Laplacian on the symmetric space K\Ed+i{d+i)(J^) 

3{d+l){2-d) 
2(8 - d) 

This property could in principle be proved from supersymmetry arguments along the 
lines of 1^, 1^, and holds order by order in the the weak coupling expansion. In fact, using 
the eigenvalues of the particle and membrane representations of the U-duality group one 
arrives at the conjecture that the non-perturbative R^ amplitude in M-theory on T'^+^ 
has three equivalent forms, 
Vd+i p£;d+i(d+i)(z) ^ T{d/2 - 1) £;rf+i(rf+i)(z) ^ Vd+i pSd+i(d+i)(z) , . 

79 string;s=3/2 ^d/2—2 particle;s=d/2—l /9 membrane;s=l ' \ ) 

I'M ^ '■M 

Again, it is easy to check that the scaling dimensions match. 

As a justification of the claim (pO]), it can be shown that it reproduces the 



Asd+Kd+ij/^* - ^7i T\ •^«* • (2^) 



perturbative contributions in (27) in a weak coupling expansion. Moreover, taking 
the d = 4 case as an example the non-perturbative terms can be interpreted as 
superposition of Euclidean DO and D2-branes wrapped on a one-cycle or a three- 
cycle of T^. In addition to these terms, there are further contributions which behave 
superficially as e~^/^« . Such non-perturbative effects are certainly unexpected in toroidal 
compactifications to D > 4, since there are no half-BPS instanton configurations with 
this action (the NS5-brane does have a tension scaling as l/g"^, but it can only give 
rise to Euclidean configurations with finite actions when D < 4). The matching of the 
tree-level and one-loop contributions together with the consistent interpretation of the 
D-brane contribution is however a strong support to our conjecture. 

4.2. R^H^a-^ andR^F^a-^ couplings 

Using the manifestly T-duality invariant forms ( P5| ) and (^Bp of the ^^-loop amplitudes, 
it is also straightforward to propose a non-perturbative completion of the R'^H^^~'^ and 
7^4^4g-4 couplings, invariant under the full U-duality group. For that purpose, we 
note that the set of three-form field-strengths in M-theory compactified on T'^^^ fall 
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into a representation of E^_^_^(l_^_l) dual to the string multiplet. The string multiplet 
decomposes under SO{d,d,Z) into a singlet (the Neveu-Schwarz Hjys), a spinor (the 
Ramond three- forms obtained by reducing the M-theory four-form field-strength), as 
well as further terms for d > 4. We therefore conjecture that the R^H'^^~'^ couplings 
between 4 gravitons and Ag — A three-form field-strengths in M-theory compactified on 
T'^"'"^, d < 4 are exactly given, up to a power of Newton's constant, by the Ed+nd+i)^^) 
constrained Eisenstein series in the string representation with insertions oiAg—A charges: 

' = ^f i""'-^ t.H,nA,n) ^'/'":^''"' ,_, . (33) 

hi J ^ [m ■ M{string) ■ m) ^ 

As an immediate check, we note that this proposal has the appropriate scaling 
dimension, while the expression also reproduces the tree-level interaction involving the 
Neveu-Schwarz three-form only. Moreover, the result (^) reproduces the (yf-loop result 
(^). The analysis of non-perturbative effects is as in the R^ case, and shows order 
g-i/9s D-brane effects as well as, for (i > 4, contributions superficially of order e'^^^" . 

Similarly, for the case of non-perturbative R^F^^~^ couplings, we note that the 
two-form field-strengths of M-theory compactified on T'^+^ transform as the dual of the 
particle multiplet. This makes it natural to propose that 

d''-'xV^ Y,6{m A m) ^'^"•^^'"\^_, . , (34) 



(m ■ M{particle) ■ m) ^ "*"- 

where the power 4(yf — 5+(i/2 has been set by dimensional analysis. The particle multiplet 
decomposes as a vector and conjugate spinor of SO{d,d,'Ij) in that order, so that this 
proposal implies a one- loop term given by the SO{d,d,'L) Eisenstein series of order 
2(yf — 3 -|- d/2 in the vector representation, plus a higher perturbative term which should 
reproduce the genus g term (PB[). Due to the presence of constraints, this statement has 
not been proved at present. 



5. Open directions 

The analysis presented here has focussed on half-BPS saturated couplings in theories 
with maximal supersymmetry. It would be interesting to extend our techniques to 
(i) couplings preserving a lesser amount of supersymmetry, and (ii) half BPS states 
in theories with less supersymmetry. Given that the quadratic half-BPS constraint 
imposes second order differential equations and that the quarter-BPS condition is 
cubic in the charges, one may envisage that quarter-BPS saturated couplings should 
be eigenmodes of a cubic Casimir operator, and expressable as generalized Eisenstein 
series with quarter-BPS conditions inserted. 

On a more mathematical level, our results provide a wealth of explicit examples of 
modular functions on symmetric spaces of non-compact type K\G, with G a real simply 
laced Lie group in the normal real form, that generalize the Eisenstein series on the 
fundamental domain of the upper half-plane. We have not addressed the question of the 
analyticity of Eisenstein series with respect to the order s. Unfortunately, the presence 
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of constraints tends to give rise to ill-behaved expansions, which is the mathematical 
counterpart of the physical problem raised above of understanding the instanton effects 
superficially of order e~^/^= . 

It would also be interesting to understand more precisely what Eisenstein series are 
needed to generate the spectrum of the Laplace operator for any eigenvalue (note in that 
respect that the order s is no longer a good parametrization, since the relation between 
the eigenvalue and s depends on the representation). From the point of view of harmonic 
analysis however, Eisenstein series are the least interesting part of the spectrum on such 
manifolds, which should also include a discrete series of cusp forms. Hopefully string 
theory will provide an explicit example of these elusive objects. 
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